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Abstract 

We study the typical growth rate of the number of words of length n which can 
be extended to /3-expansions of x. In the general case we give a lower bound for 
the growth rate, while in the case that the Bernoulli convolution associated to 
parameter /3 is absolutely continuous we are able to give the growth rate precisely. 
This gives new necessary and sufficient conditions for the absolute continuity of 
Bernoulli convolutions. 



1 Introduction 

Given /3 G (1, 2] and x G //3 
{0, 1}^ for which 



0>/f^ 



X 



a /9-expansion of x is a sequence (x„) 



^Xi/3" 



n=l 



n=\ 



For P = 2 these are the familiar binary expansions, almost every a; G [0, 1] has a unique 
binary expansion but there are a countable number of x which have two expansions. 
The situation for (3 G (1,2) is much more compUcated; the set Sjs^x) of /3-expansions 
of X G 1/3 may be a singleton set [3] , or have any positive integer cardinality [1] , but it 
is typically uncountable [31 HI]. Since the work of Renyi [13] and Parry [10], there has 
been a great deal of interest in expansions of real numbers in non-integer bases. 

Finer information on the structure of ^/^(x) can be given by defining 



£:^(x) 



{(^1 



x„) G {0,l}''|3(x„+i,x„+2, 



X 



5^a;,r'} 



fc=i 



and studying the growth of A/'n(x; /3) := |^^(x)| as n increases. The maximal growth 
rate of A/'„(x;/3) was studied in [7], while the growth rate for Lebesgue almost-every x 
was studied in [6J, where precise information was given in the case that /3 is a Pisot 
number as well as some estimates for the general case. 



This question is also linked to the question of absolute continuity of Bernoulli convolu- 
tions. For P G (1,2), the Bernoulli convolution z/^ is defined as the weak star limit of 
the measures 

ai---ane{0,l}" 

where Sx denotes the Dirac measure supported on {x}. It is a long standing open prob- 
lem to determine for which parameters (3 the corresponding Bernoulli convolution is 
absolutely continuous; it is known that almost every /3 G (1, 2) admits an absolutely 
continuous Bernoulli convolution [15j, but that if /3 is a Pisot number then the corre- 
sponding convolution is singular [5]. For a survey of Bernoulli convolutions, including 
various alternative definitions, see ITTI. 



It was shown in [12] that the quantity 



limsup ( - j Afn{x;(3) 



is uniformly bounded if and only if u^ is absolutely continuous and has bounded den- 
sity. This generalised a previous condition of Garsia and was termed the Garsia-Erdos 
condition. 

The main focus of this article is to prove results on the typical growth rate of A/'„(x; f3) 
in the case that the Bernoulli convolution associated to /3 is absolutely continuous. 
A consequence of our results is that we are able to give new necessary and sufficient 
conditions for the absolute continuity of Bernoulli convolutions without imposing any 
further conditions on the density. 

We also show how the growth rate oiAfn{x] (3) can be studied using the ergodic properties 
of the random /3-transformation of Dajani and Kraaikamp [2J. Our techniques allow us 
to prove an almost everywhere lower bound on the growth rate of A/'n(x; /3) for /3 G (1, 2), 
extending a result of [^. 

In section [2] we give our results for the case that z/^ is absolutely continuous and explain 
how these can be viewed as a generalisation of the techniques of Garsia. In section [3] 
we prove these results using an operator based on the self-similarity of the invariant 
density. In section H] we give a result for general /3 using the random /3-transformation. 



2 Results 

We find it more convenient to deal with a renormalised version of A/'„(x; /3). For n G N 
we define functions /„ : J^ — )■ M by 



Since Yl'i^n+i^if^ * '^^^ ^^^^ ^^y value in [0, (g_\)gn ], we have that a word xi, ■ ■ ■ , x„ is 
an element of Sg{x) if and only if 



(/3-l)/9" 



^a;i/3" 



i=l 



X — 



(/3 - l)/3^ 



,x 



So for each n, the value of /„(x) is equal to ^ „„ multiplied by the number of words 



Xi 



, Xn for which Y^'l=i ^iP * ^ 



X — 



,x 



(/3-l)/3"' 

Xi, ■ ■ ■ , x„, each of which cover an interval of size t^z^t^, we see that 



Then since there are 2^ choices of 
1 

(/S-l)/?" 



We further define 



and 



fn{x)dx = 1. 



/(x) :=limsup/„(x) 



/(x) := liminf /„(x). 



The following is our main theorem. 

Theorem 2.1. The Bernoulli convolution vp is absolutely continuous if and only if 

< / f{x)dx < oo. 

In this case, one automatically has that fj f{x)dx < 2 and that if up has density hp 
then 



hp{x) = 

We have a slightly weaker theorem for /. 
Theorem 2.2. Suppose that 



/(^) 



Iig f{x)dx 



< / f{x)dx < oo. 



Then vp is absolutely continuous with density function 

fix) 



hp{x) 



J f{x)dx 



Conversely, if vp is absolutely continuous with bounded density function hj^ then /(x) 
satisfies 

< / f{x)dx < oo. 



Theorems 12.11 and 12.21 give immediate consequences for the growth rate of A/'n(x;/3). 
In particular, because Pp is absolutely continuous for almost every /3 G (1, 2) and has 
bounded density for almost every /5 e (1, a/2) (see [I5]) we have the following. 



Corollary 2.1. For almost every /3 G (1,2), and for (Lehesgue) almost every x G Ip, 

1 /2 

limsup - log(A/'n(a;; /3)) = log I - 

For almost every /3 G (1, a/2) and for (Lehesgue) almost every x G Ip, 

1 [2 

lim -log(A/'„(a;;/3)) = log - 

n-s-oo n \p 

These results contrast with the case that /9 is a Pisot number. It was shown in [B] that 
if /3 is a Pisot number then 

lim - log(A/;(x; /?)) < log ( - ) . 

n-s>oo n \P/ 



2.1 Comparison with the Garsia entropy technique 

In [8] , Garsia approached the question of the potential singularity of Bernoulli convolu- 
tions by considering the entropy of the measures z//3^„, where the entropy of a discrete 
measure m supported on a finite set {xi, ■ ■ ■ ,Xk} is defined as 

k 

H{m) = —y ^m{xi)\og{m(xi)). 

Garsia showed that if 

lim ^^^ < log(/3) 

n— s>oo fl 

then i>i3 is singular. This was used to provide an alternative proof that Pisot num- 
bers admit singular Bernoulli convolutions, but has not been successful in determining 
whether Ujs is singular or absolutely continuous for any other (3. Garsia's approach can 
be characterised as quantifying to what extent the finite sums Yl^=i ^iP~^ coincide for 
different choices of xi, ■ ■ ■ , x„. 

Rather than asking for coincidence of these finite sums, our approach asks about cluster- 
ing. The functions /„ have integral 1 and take values fn{x) proportional to the number 
of elements of 



P„:= J^Xi/3-Vx, G{0,1} 



i=l 



which lie in 



^ (/3-l)/3"'^ 



. Then the regularity of the function /„ describes the degree 

of clustering in P„. In particular, if j^ f{x)dx G {0, oo} then this corresponds to a high 
degree of clustering in the sets P„ as n tends to infinity. 

Thus, our results can be interpreted as saying that the absolute continuity or singularity 
of the Bernoulli convolution can be determined by measuring the degree of clustering in 
the sets VnU 



^This perspective on the question of counting /3-expansions arose out of conversations with Evgeny 
Verbitskiy, many thanks to Evgeny for these. 



3 An Operator on Densities 

The results stated in the previous section come from simple analysis of a naturally 
defined operator related to Bernoulli convolutions. Bernoulli convolutions satisfy the 
self-similarity relation 

where Ti{x) : f3x — i. This implies that if Uj^ is absolutely continuous with density /i^ 
then hi3 must also satisfy a self-similarity relation: 

hp{x) = ^{hp{f3x) + hp{f3x-l)). 
We define the operator P : L\R) -^ L\R) by 

P{f){x) = ^{f{Px) + f{Px-l)). 

P preserves the set of densities 

D:={feL':f>0,f f\x)dx = l,x ^ /^ =^ f\x) = 0}. 

The absolute continuity of Vj^ is equivalent to the existance of a function hj^ E D satis- 
fying P(/i^) = hfj. 
Lemma 3.1. The following are elementary properties of P 

1- f<9 ^ P{f) < Pig) 

2. P{kf) = kP{f) VA; G M 

3. Iff>OthenJ^P{f) = J^f 

4- If P has fixed point hfi then \\P{f) — hj^Wi < ||/ — hj^Wi for all f G L^. 

Proof. The first two statements follow immediately from the definition of P. The third 
statement follows from the fact that, for each i 

f{Ti{x))dx = -^ f{x)dx. 

The fourth statement is just an application of the triangle inequality. Using that P{hi3) = 
hf), we have that 



\P{f){x)-hi,{x)\dx 



^ {f{/3x) - h^{/3x) + f{/3x - 1) - h^{f3x - 1)) 



dx 



< ^fj\f(f3x)~hp{/3x)\dx+ I \f{f3x-l)-hf,{/3x-l)\dx 
= 2\l3 \fi^)-M^)\dx + -^ I \f{x)-hfs{x)\dx 



\f{x) - hf3{x)\dx 
as required. D 



We now link P with the functions defined in the first section. 
Lemma 3.2. 

U = P"((/3 - 1)X/,) 
where xi^ is the indicator function on the interval Ip . 

Proof. Expanding P, we see that 

P"((/3 - l)xi,){x) = (/3 - 1) (^ Y. ^h^^^- ° ^--1 ° ■ ■ ■^-i(^)) 

^ ^ a;i,-,a;„e{0,l}" 

But a word Xi, • • • , x^ G {0, 1}" is in £^{x) if and only if T^^ o Tj.^_-^ o ■ ■ ■ T^^^x) G //j, 
see for example [2]. This gives that 

XI X/^(^^n ° ^x„_i o • ■ ■ T^^{.x)) = Afn{x; f3). 
xi,-,x„e{o,i}" 

Then since /„ := (/3 — 1) (|) A/'„(x; /3) we have the required result. D 

The next four lemmas prove our main results. 

Lemma 3.3. If I'p is absolutely continuous then < Jj f{x)dx. 

Proof. We suppose that up is absolutely continuous with density /i^, and for a contradic- 
tion suppose that Jj f{x)dx = 0. Consequently we have that /„ = P"'{{f3 — l)x/^) — > 
for Lebesgue almost every x. Now if P"{{f3 — l)x/^) ~^ almost everywhere, then 
linearity and monotonicity of P give that for any bounded g & D, P"'{g) — ?■ almost 
everywhere. Since /i^ G L^ we can, for any < e < |, take a bounded function Qe & P> 
with 

\\hji - ge\\i < e. 

But P"'{ge) — > a.e. since g^ is bounded. Then since /i^ has integral 1, we see that 
eventually 

\\h,-P-igMi>l>e. 
This contradicts part 4 of lemma [3?T1 the non expansiveness of P in L^. D 

Lemma 3.4. //z/^ is absolutely continuous then Jj f{x)dx < 2. 

Proof. In order to show that Jj f{x)dx < 2 we in fact show that f{x) < 2hp{x). Given 
some word Xi,--- , a;„ G {0, 1}", we see that all sequences x starting with word xi, ■ ■ ■ , x„ 
are /3-expansions of points 



X = 

i=l 



Yxil3~ 



n n -. 



Now we suppose for each j G {1, ■ ■ ■ ,Mn{x; /?)}, x{, ■ ■ ■ , x^ G £^{x). Then 

" r 1 1 



i=l 



1 



6 



and so for any m > n, j E {I,- ■ ■ ,Afn{x]f3)} and any word Xi, ■ ■ ■ ,Xm starting with 



r 



1? 5 ■^n 



xi we have that 

m 



i=l 



1 1 

X — tt; — ,, ^ , ,x + 



(/3-l)/3"' (/3-l)/3^ 
There are at least 2'"~"A/'n(a;; /3) such words. Hence 



^/3,r 



X 



1 1 

,x H 



>— (Ar„(x;/3).2-'^) 



,, _ A/;(x;/3) 



(/3-l)/3"' (/3-l)/3"J - 2™"'"'""'"'" ' 2" 

Then using that i/^^^ — ^ '^/s, multiplying each side by /3", and using the fact that 



,. (/3 - l)/3" 
lim Up 



X — 



,X + 



we get that 



(/3-l)/3"' (/3-l)/3"_ 
7(x) = limsup(/3 - 1) f^) Ar„(x; (3) < 2hp{x) 



/i^(x) 



D 



A similar argument was used in Appendix C of [12] to bound (|) Mn{x] l3) in the case 
that hjs^x) is bounded. The authors attributed the argument to Yuval Peres. We now 
relate / to /i/j. 

Lemma 3.5. // / has positive finite integral then vp is absolutely continuous and 
. -j. = hp. The same is true for f. 

Jig J V^j"^ 

Proof. We proved in lemma IX^ that /„(x) = P^{{/3 — l)x/;3)) which gives in particular 
that 

/„(X) = P{fn-lix)) = ^ ifn-liPx) + fn-l{f3x - 1)) 

Then since lim sup (a„ + &„) < lim sup a„ + lim sup 6„, we have that 

7(a;)<|(7(/3x)+7(/3x-l)), 

i.e. -P(/) > /. But since / is non negative, part 3 of lemma 13. II gives that J^ P{f) = J^ f ■ 
So we must have that P{f) = f almost everywhere. 

7 

Then we see that ——= has integral one and is a fixed point of P, and therefore it must be 

Jm.J 
equal to hp almost everywhere. Similar arguments work for / using that P{f) < /. □ 



Lemmas 13.31 13.41 and 13.51 complete the proof of Theorem 12. 1[ Finally, we prove the 

following lemma. 

Lemma 3.6. // up is absolutely continuous and has bounded density function hp then 

0<Jl{x)dx<l. 



Proof. Fatou's lemma gives us that 

/ f{x)dx < liminf / fn{x)dx = 1 

Now we assume that z/^ is absolutely continuous with bounded density hfj < C for some 
C > 0. We suppose that hj^i^x) > 0, this holds for almost every x G J/j, see [9j. Applying 
the operator P n times to hp we see that 

hp{x) = (2) 5Z hp{T^^oT^^_^o---T^^{x)) 

< [^ Mn{x-p).C, 

where we have used that |<^^(x)| = Nn{x; (3) and that hjs^T^^ o T^.^_-^ o • • ■T^^(a;)) < C 
for each Xi, ■ ■ ■ , x„ G {0, 1}". 

Then rearranging and taking the liminf we see that 

liminf P"(a;) = liminf (/3 - 1) ( ^^ Kix; f3) > ^^ ~ ^^^^"^^ 



2y --"V-.-. - ^ 

as required. D 

Lemmas 13.51 and 13.61 complete the proof of Theorem 12. 2[ 

4 Counting expansions using the random /^-transformation 

In section |2]we gave results on the growth rate of A/'n(x;/3) which hold for almost all 
P G (1,2). In this section we take an alternative approach, using the ergodic theory of 
the random /3-transformation to study the growth rate of A/'„(a;; /3) for all /3 G (1, 2). 

In [S], Feng and Sidorov proved that for all (3 G ( 1, ^2^ ) ^h^re exists a constant 
c(/3) > such that for all x G 1/3 

liminf'°g'-^"'"-^»>e(ffl. 

n— >-oo 77, 

We extend this result beyond the case that /3 G (1, ''-'2 )• 

Theorem 4.1. For every /3 in (1,2), there exists c(/3) > such that for almost all 

limmfi^^^^^Mll>c(/3). 

n— >oo Tl 

In fact the above theorem extends to all non integer /3 > 1, the proof for P > 2 follows 
that given below but has more complicated notation, and can be found in the author's 

8 



thesis. We stress that, in the case that /3 > ^-y^, the almost all x G (0 
14.11 cannot be extended to hold for all x G (0, -^3^- 
with unique /3-expansion. 



p-i- 



of Theorem 



There are, for example, points x 



In [2], Dajani and Kraaikamp defined the random /^-transformation Kp 

[0,^]^{0,lf x[0,^]by 



{0,1}^ 



X 



Kr(uj,x) 



{uj,To{x)) 

{a{u),T^,{x)) 

{u,Ti{x)) 



X G [0, i) 

^ ^ I-/3' ^(/3-l)J 
X G ( I ^1 



Given a pair (w, x), a beta expansion of x is generated by iterating Kjj{uj, x). If the nth 
iteration of Kp{uj, x) applies Tq to the second coordinate we put Xn = 0, if it apphes Ti 
to the second coordinate we put x„ = 1. The sequence (x^) is a /3-expansion of x [2]. 



/3-1 




P /3(/3-l) 



Figure 1: The projection onto the first coordinate of Kp for /3 



1 + V5 



This allows the study of all /3-expansions of x, each different choice of u corresponds 
to a different /3-expansion of x, up to a set of measure zero, and all /3-expansions are 
given this way. We refer to the /3-expansion (x„)^]^ obtained by iterating i^^(ci;,x) as 
the /3-expansion of x generated by uj. 



We define the switch region S 



When the orbit of iuj, x) enters 5* := fi x S* 



l/3'/3(/3-l)J 

we are allowed a choice about how to continue the /3-expansion, this choice is made by 
looking at the first digit of the sequence u. We define the hiting number 

h{uj, X, n) := #{i G {1, ■ ■ ■ , ra} : K^ioj, x) G S}. 

We note that the dependence of /i(ci;, x, n) on the sequence u is really just a dependence 
on the finite word Wi, ■ ■ ■ , ujh{uj,x,n)i since u only influences the orbit of x when K^{uj, x) 
enters the switch region S. We see that the /3-expansions of x generated by u and u' 
agree to the first n places if and only if wi, ■ ■ ■ , ujfi{x,u},n) = ^[,- ■ ■ ^^i 



In 



h{x,u}' ,n)' 

[Ij, Dajani and de Vries showed that K13 has invariant probability measure /i/j 



Up X m, where /i^ is absolutely continuous with respect to A (Lebesgue measure), and 



m is the (2, 2) Bernoulli measure on {0, 1} . They also showed that Kj^ is ergodic with 
respect to this measure. 

We begin by describing A/'„(x; (3) in terms of h{u, x, n) and m. 
Lemma 4.1. Ma{x] (3) = /^o^^^^ 2'*('^'^'")dm 

Proof. The set Sa{x) of n-prefixes of /9-expansions of x corresponds to the number of 
different words wi, ■ ■ ■ , ujh{u}^x,n) for u G {0, 1}^. So defining 

n{x, n) := {uji, ■■■ , ujh{x,uj,n) : w e {0, 1}^}, 

we have |r2(x, n)| = Afn{x; (3). 

We see that m[ui, ■ ■ ■ ,u}h{co,x,n)] = 2-''('^'^'"). Then 



\n{x,n)\ = "^liuJi,--- ,^h{uj,x,n)-UJ ^ {OA}^,h{u,x,n) = k}\ 

k=l 
n 

= ^2'=m{a;G {0,l}^:/i(w,x,n) = fc} 



fc=i 



2h{uj,x,n)^^ 



{0,1}* 



as required. 



D 



From this point the proof of Theorem 14.11 is straightforward. By the ergodic theorem 
we have that for almost every {uj,x) (with respect to jlp) in [0, -J-^] x {0, 1}^, 

h{uj,x, n) 



lim 

n^oo 77, 



f^p{.S) = iip{S). 



Decomposing fij^ = m x Hj^^ and recalling that /i/3 is absolutely continuous with respect 
to A, we get that for almost every x (w.r.t. A), for almost every u (w.r.t. m), 

h{uj,x,n) 
hm = ^ip{S). 

n— ^co n 

Then, since almost everywhere convergence implies convergence in probability, we have 
that for almost every x and for all e, 5 > there exists a constant A''^^ such that for all 
n > N.s, 



m({a;G{0,lf : 
We define the good set 

G{n,x,e) = {u;G{0,1}^: 



h{uj,x,n) 



n 



h{u,x,n) 



n 



-/^/3('5) 



/i^(^) 



>e}]<6. 



<e} 



Now 



{cu G {0, If : n{fip{S) - e) < h{LO, x, n) < n{fip{S) + e)}. 



m{G{n, X, e)) > 1 — 6, 



10 



and so for almost every x, 



{0,1}« JG(n,x,e) 



Then 



AA„(x;/3)>(l-5)(2"('^^(^)-^)), 



and since e and S were arbitrary, we have 

hminf ^"g^^"^"'^^^ >log(2)/.,(g). 

n— >-oo 77, 

This completes the proof of Theorem 14.11 

The constant c{(3) = log(2)/i;3(S') can be computed exactly using using a formula for the 
density of iip which will appear in forthcoming work by the author. This formula is rem- 
iniscent of the formula of Parry for the invariant density of the greedy /3-transformation, 
see [in]. Unfortunately, the lower bound log(2)/i^(5') on the growth rate of A/'„(a;; /3) is 
not sharp. 



5 Further Questions 

There are some further questions that arise naturally. The first is whether the absolute 
continuity of z/^ is equivalent to the convergence of /„ to a the density of U/s. We make 
the following conjecture. 

Conjecture 1. // z/_g is singular then liran^oo fn{x) = almost everywhere. If vp is 
absolutely continuous then Xmin^oo fn{x) exists almost everywhere and is equal to the 
density of Vjj . 

Bernoulli convolutions are often studied via the sequence of measures Vji^n-, which con- 
verge weakly to Pp. One could also define a sequence of measures m^^^ to be the 
probability measures with density /„. These measures are the measures obtained by 
letting mpfi be normalised Lebesgue measure on Ip and by defining 

m^^n+i = - {jn^^n o To + mp^n o Ti) . 

It is easy to see that the sequence {mp^n) converges weak* to vp. A proof of the above 
conjecture would show that if m/j is absolutely continuous then {rnp^n) converges in the 
stronger sense that the densities converge almost everywhere to hp. This would be useful 
in determining, for example, the multifractal properties of vp. 

Our second question is whether one can use the fact that Kp is a Markov map when /3 
is a Salem number to calculate Mnix^P). Pisot numbers are the only known examples 

11 



of P for which up is singular, but Salem numbers are widely regarded as the most likely 
candidates for non-Pisot values of /3 which may yield singular Bernoulli convolutions. 
Feng and Sidorov calculated the growth of A/'„(x; (3) for Pisot values of (3, if one were 
able to extend their methods to include Salem numbers it would allow one to determine 
whether Salem numbers have absolutely continuous Bernoulli convolutions or not. 

Finally, we ask whether it is possible to improve our proof of Theorem 14.11 in order to 
get precise lower bounds on Mn{x; (3) using the K^ map. Lemma Kl\ describes Mn{x; (3) 
accurately in terms of h{u,x,n), but the ergodic theory that we use in our subsequent 
analysis of h{co, x, n) is not strong enough to give a sharp lower bound. Perhaps a more 
delicate analysis of the ergodic theory of Kjs could yield better understanding of the 
growth of Mn{x; (3). 
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